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This short note was inspired by Professor S. Chandrasekhar's stimulating colloquium on the paper cited previously; thus I should like to express my sincere thanks to him. It is also my pleasure to put on record that equation (7) was independently noticed by both Dr. A. Brown and D. E. Osterbrock. To both of them I am also indebted for some valuable discussions.
1 Chandrasekhar, S., and Mflnch, G., to appear in January, 1950, issue of Astrophys. J. 2 Due to the statistical nature of the present problem, it suffices to use the spectroscopic parallax in order to obtain the tangential velocity.
3 For the terminology used in the present communication see The problem of radial oscillations of compressible gas spheres in hydrostatic equilibrium has so far been solved analytically for four different model configurations, three of which were discovered by Sterne,' while the fourth one was recently added by Prasad.2 In each case, the respective configuration proved to be capable of oscillating in a discrete set of frequencies dependent on the mean density and the ratio of specific heats of the material constituting the configuration. The writer has, however, recently pointed out3 that the assumptions made by Sterne and Prasad concerning the structure of their models were, in each case, such as. to reduce the differential equations to the hypergeometric form; the discrete character of the frequency spectra followed as a consequence of the fact that the respective hypergeometric series of unit radius were found to be divergent and had to be reduced to polynomials in order to maintain no variation in pressure over the free surface. Although the four models considered by Sterne and Prasad are characterized by outwardly very different distribution of density in their interiors, mathematically they all belong to the same type. This similarity, in turn, prompts us to inquire as to the possible existence of other models, of different constitution, whose eigen-amplitudes of radial oscillations may also be expressible in terms of hypergeometric series. Are the four known models the only ones possessing this property, or are there others of this class which have so far escaped discovery?
The object of this investigation will be to supply an exhaustive answer to this question and to provide a complete enumeration of the respective configurations. It will be shown that, for finite values of central condensation (i.e., of the ratio of the mass stored at the center to that of the whole configuration), no models other than those investigated by Sterne and Prasad exist for which the amplitudes of small radial oscillations are of the hypergeometric type. If, however, the degree of central condensation is allowed to increase without limit, a whole new family of such models is found to exist which is characterized by a partly discrete and partly continuous spectrum of the frequencies of free oscillation. This latter branch of the family represents the first known instance of compressible gas spheres, in hydrostatic equilibrium, which can perform small radial oscillations in any frequency.
1. Equations of the Problem.-As is well known4 the differential equation governing the variation of the amplitude t(x) of small adiabatic radial oscillations in the interior of a gas configuration in hydrostatic equilibrium can be reduced to the form d 2
dx2 {x dx dx {x 9g} dx where P denotes the pressure; g, the gravity; n, the frequency of the oscillation; ;, the ratio of specific heats; a = 3 -(4/'i); and x = r/R, r being the distance of any arbitrary point from the center of a spherically symmetrical configuration of radius R. Let us assume now that, by hypothesis, t(x) cc xF(a, 3, y, ax,j, 
and will be convergent if the opposite is true. If, by hypothesis, y = t(x), and equations (1) which can be integrated into P = k(l -aXb)(P + q)/b X-(q + 4) (10) where k is a constant. Since the pressure must, by definition, vanish on the surface, where x = 1, equation (10) makes it evident that this can be true if, and only if, a = 1. The first of the six arbitrary constants occurring in equation (3) has thus been specified.
Next let us eliminate the logarithmic derivative of P between (7) and (8) (13) where G denotes the constant of gravitation and m(x), the mass of our configuration interior to x. Provided that the density is a continuous function of x, m(x) = 47rGRsf px2 dx. (14) Inserting (11) in (14) and differentiating with respect to x we find that the density inside of our configuration should vary as
4irGR(Axb + B)2 All constants in this equation are so far arbitrary-save for the obvious requirement that they be such as to render p(x) positive throughout the interior. The central density of such a configuration is given by 3D
while its mean density becomes 3 C +D (17) 47rGR A + B( Lastly, let us ensure that the configuration, in which the pressure, density, and gravity are governed by equations (10), (11) and (15), can be in hydrostatic equilibrium. As is well known, this will be the case provided that P, p and g are related by dP _ ldP_ dr R dx gp (18) If we differentiate (10) and insert in (18) t6gether with (11) and (15), the equation of hydrostatic equilibrium will take the explicit form 4kG B2
and must hold good throughout the interior (except, possibly, at the center). This latter equation supplies the remaining set of conditions VOL. 36, 1950 which the arbitrary constants in equation (3) If A = C = 0 or A = D = 0, one of the two remaining constants still turns out to be imaginary. If A = B = 0, the corresponding configuration would be one of infinite mass, density and gravity; if C = D = 0, the mass of our configuration would be zero. The case of B = D = 0 leads to a homogeneous configuration (Sterne's "Model 1"), while if B = C = 0 two different types of configurations are possible. When b = 2, a model is obtained in which the density varies continuously as x-2; the central density is infinite, but the mass of the whole configuration remains finite (Sterne's "Model 2"). If, however, b = 3, the density is discontinuous at x 0 and such that the whole mass of the configuration will be stored at the center; the weight of the surrounding envelope being infinitesimal the gravity falls off with the inverse square of the distance from the center. A whole family of such models, characterized by -4 < q < 0, is found to be consistent with the assumption of hydrostatic equilibrium, but only one particular member of it (corresponding to q --1) has so far been noticed (Sterne's "Model 3"). In what follows, all these models will be discussed in turn.
3. Homogeneous Models.-If, in equations (12), the values of our arbitrary constants q and s are chosen so as to render B = D = 0, the density of the respective configuration as defined by equation (15) Equations (10), (11) and (15) 
3)
If this model were disturbed slightly from its state of equilibrium in such a way that a small purely radial motion results, its amplitude t(x) would be of the form (2) where the constants a, IB and y are obtained from equations (4) by inserting in them the foregoing values of p, q, r and s; while equation (5) yields, for q = -4, c = 0 or -3. A requirement that there be no displacement at the center rules out the negative root; hence, c = 0. The outer boundary condition requiring that there be no variation of pressure on the surface can be met only if t(1) is a finite quantity. Now the values of b, p and q in the present case turned out to be such that p + q = b, in which case the criterion (6) discloses that the hypergeometric series on the right-hand side will diverge for x = 1. If t(1) is to be a finite quantity, we must reduce the respective infinite series to a polynomial by making a or , equal to zero or some negative integer by setting r = -2j(2j + 5), j = 0, 1, 2, ...
which, combined with (21), specifies the characteristic frequencies n in which our configuration can oscillate freely in the jth mode. The corresponding amplitudes of oscillation then take the explicit forms
where G,(p, q, x) = F(p + j, -j, q, x) denotes the respective Jacobi polynomial.5
The conditions B = D = 0 are not the only ones which lead to equation (21) for, as the reader can easily verify, a combination B = 0 and b = 3 VOL. 36, 1950 will reduce (15) to exactly the same result. We thus obtain another homogeneous configuration which is, however, different from the preceding one; for the equation (19) of hydrostatic equilbrium now calls for p = 6 but q = -3, in virtue of which the condition B = 0 implies that s = a, and 3n4R' k = 2nRG, '(27) where A = 'y(2a -r).
(28) On the other hand, equation (17) (35) Hence, the homogeneous envelope should contain two-thirds of the total mass of our configuration. The total gravity prevailing in our configuration will eventually be obtained from equation (11), the right-hand side of which is to be increased by the term Gmo/R2x2 arising from the central mass; doing so we obtain g(x) = {2x + (36) 3R 2 { x2}(6 where m = mo + me denotes the total mass of our configuration.
If this model were disturbed slightly from a state of equilibrium in such a way that a small purely radial motion results, its amplitude would be of the form (2) where the constants a, # and y are obtained by inserting in equations (4) the foregoing values of p, q, r and s, while the positive root of equation (5) is c= 1 -1.
(37) As in the preceding case, we again have a + ,B = y and the hypergeometric series F(ca, 3, y, 1.) again diverges. If t is to remain finite on the surface, therefore, the series must be terminated by the condition: r = -(3j + c)(3j + c + 5),
where c is given by the preceding equation (37) and j is zero or a positive integer. Equation (38) combined with (30) specifies the characteristic frequencies n in which our configuration can freely oscillate in jth mode; the corresponding amplitudes take the explicit form
where G, denotes, as before, the respective Jacobi polynomial. 4. Heterogeneous Models.-The foregoing two homogeneous models characterized by mo/me = 0 and 0.5, respectively, are the only types of configurations, consistent with our initial assumption (2), in which p(x) = constant for 0 < x < 1. In the remaining cases which yield a closed solution, the density will vary throughout the interior and our aim will be to choose this variation so as to make (2) a solution of our fundamental equation. Two kinds of such models will be found to exist: one exhibiting a finite degree of central condensation, the other consisting of a central point-mass surrounded by an envelope of infinitesimal weight and certain specific structure. This latter family of models will be found to possess properties which are particularly interesting; but for the sake of completeness we shall take up the former and simpler model first.
This configuration is obtained by setting B = C = 0 or, which is the same, p = 4 and s = 2&. The equation (19) 
Our configuration will be therefore characterized by
3x J Inside our model the density is found to vary as the inverse square of the distance from the center and to increase beyond any limit as x -* 0. This singularity is, however, integrable; for the mass of the configuration is clearly finite.
The constants a, -y, -characterizing the hypergeometric series on the right-hand side of (2) are obtained if we insert the above values of p, q, r and s in equations (4), while the positive root of (5) for q = -2 becomes c 2={ 1 +8-1}.
The criterion (6) discloses that, for p = 4, q = -2, and b = 2, our hypergeometric series is again divergent where x = 1; hence, if the amplitude of the oscillations is to remain finite on the surface the series must be terminated by setting
where j is zero or a positive integer. The eigen-amplitudes (2) reduce then to Jacobi polynomials of the form i(sx) XCGc(3-+ c, 3+ c, X2).
while the characteristic frequencies of oscillation n are defined by the preceding equation (44). In all models analyzed so far, the mass inside our configuration turned out to be a continuous and increasing function of x, with all layers contributing significantly to the effective gravity. In the final part of our discussion, a family of models will be considered in which the overwhelming part of the mass of the whole configuration is stored at its center so that, in effect, m(x) = m(R) and the gravity inside of such a configuration varies, by definition, as Gm(R) g = R2X2 (46) A comparison of this result with equation (11) A -G-=--rGpR.
A R 2 3 Under these conditions we again have A = -r which, combined with the preceding equation (47) 
k --0
Consistent with the assumption of the mass of the envelope surrounding the point-core to be infinitesimal, equation (15) yields indeed p = 0 (for x # 0). In order to ascertain the variation of this infinitesimal density within the envelope we must, therefore, fall back on the equation (18) (49) and (50) render indeed the pressure and density infinitesimal everywhere except at the center where they must be, by definition, infinite.
In all preceding equations the value of q has so far been wholly arbitrary. The only restriction which we shall have to impose upon q will be a requirement that the total mass of the envelope be also a quantity of the order of k-i.e., that the integral on the right-hand side of (14) (51) where B denotes the complete beta-function. The latter is known to be convergent if both its arguments are positive; and they will be such if 0 > q > -4.
(52) The constants a, (3 and y of the hypergeometric series in (2) (50) shows that the density becomes zero when x = 1; the reader may note that, of all models discussed so far, this is the only one in which the density as well as pressure vanish on the surface of our configuration. In the limiting case of q = -1 the density on the surface becomes arbitrary; this case was previously discovered by Sterne (as his "Model 3").
If, however, q becomes less than -1, the criterion (6) discloses that the hypergeometric series will converge for an arbitrary value of r. The right-hand side of equation (2) automatically satisfies, therefore, our outer boundary condition requiring the finiteness of t(x) on the surface without imposing any restriction on n-which means that the corresponding configuration can perform free radial oscillations in any frequency. This is the first instance of a "continuous spectrum" in the distribution of eigenfrequencies encountered in connection with any gaseous configuration in hydrostatic equilibrium known so far, and the properties of such configurations deserve evidently a close attention. Equation (50) discloses that their density p(x), infinite at the center, becomes infinitesimal for 0 < x < 1, but infinite again for x = 1, thus giving rise to an infinitesimally thin surface shell. The mass enclosed in this shell remains, however, a quantity of the order of k and does not, therefore, contribute appreciably to the effective gravity; our basic assumption which led us to (46) has not been violated. As long as -1 > q > -3, the density between the center and the surface shell diminishes at first with increasing x until the distance has been reached at which 2x3 = q + 3. At this point the density gradient reverses its sign and the density increases hereafter again until the surface is reached. Ultimately, if -3 > q > -4, the density gradient will be positive for x > 0 throughout the configuration.
5. Concluding Remarks.-Whether or not the physical situation analyzed in preceding paragraphs finds an application to actual astronomical bodies is an intriguing object for speculation. Our results may possibly have some bearing on the behavior of early-type giant or supergiant stars, in which the "surface shell" may be constituted by the condensing material driven out by the radiation pressure. Several theories of the structure of the giants along such lines were advanced in recent decades, the latest and most satisfactory one being due to Menzel.6 If our configurations have anything to do with such stellar models, our results would imply that the models are hydrostatically stable under any small and spherically symmetrical disturbance, and would respond to it by setting up pulsations in an arbitrary period. For such stars, the product PV/p
